We generalize a result of Balister, Győri, Lehel and Schelp for hypergraphs. We determine the unique extremal structure of an n-vertex, r-uniform, connected, hypergraph with the maximum number of hyperedges, without a k-Berge-path, where n ≥ N k,r , k ≥ 2r + 13 > 17.
Definition 1. The Turán number of a graph H, denoted by ex(n, H), is the maximum number of edges in a graph on n vertices which does not contain H, as a subgraph.
The Turán number of a family of graphs H, denoted by ex(n, H), is the maximum number of edges in a graph on n vertices which does not contain any H, H ∈ H, as a subgraph.
Theorem 2 (Erdős, Gallai [3] ). Let n ≥ k ≥ 1 and P k a path of length k, then ex(n, P k ) ≤ (k − 1)n 2 .
Theorem 3 (Erdős, Gallai [3] ). Let n ≥ k ≥ 3 and C ≥k a family of cycles of length at least k, then ex(n, C ≥k ) ≤ (k − 1)(n − 1) 2 .
In fact, Theorem 2 was deduced as a simple corollary of Theorem 3. Later, in 1975, this result was improved by Faudree and Schelp [5] , they have determined ex(n, P k ) for all n and k, n > k > 0, with the corresponding extremal graphs.
In 1977, Kopylov, [12] , determined ex conn (n, P k ), where ex conn (n, ·) denotes classical Turán number for connected graphs. Surprisingly the asymptotics were the same as in non-connected case.
Theorem 7 (Győri, Katona and Lemons [9] ). Let r ≥ k ≥ 3, then ex r (n, BP k ) ≤ (k − 1)n r + 1 .
The equality holds iff (r + 1)|n, and the extremal r-graph is the disjoint union of n r+1 sets of size r + 1 containing k − 1 hyperedges each.
Theorem 8 (Győri, Katona and Lemons [9] ). Let k > r + 1 > 3, then ex r (n, BP k ) ≤ n k k r .
The equality holds iff k|n, and the only extremal r-graph is the disjoint union of n k copies of the complete k-vertex r-graph.
The remaining case when k = r + 1 was solved later by Davoodi, Győri, Methuku, and Tompkins [2] , they showed that the extremal number matches the upper bound of Theorem 8.
Observe that the extremal hypergraph is not connected in Theorem 7 and Theorem 8. Naturally one may require connectivity and search for extremal Hypergraphs.
The extension of Theorem 3, for Berge r-graphs, was solved by different groups of researchers recently. As expected the extremal hypergraphs were different for the cases r + 1 < k and r + 1 ≥ k. Surprisingly k = r case presents a different behavior. The investigation for the Berge cycles started with the paper of Füredi, Kostochka and Luo [6, 7] , they got the sharp result for all n, when k ≥ r + 3. The case when k = r + 2 together with the case k = r + 1 was settled later by authors of this paper together with Ergemlidze, Methuku and Tompkins [4] .
Theorem 9 (Füredi, Kostochka and Luo [6, 7] ). Let k ≥ r + 3 ≥ 6, then
The equality holds iff (k − 2)|(n − 1) and the only extremal r-graph is union of n−1 k−2 copies of complete k − 1-vertex r-graphs sharing a vertex in a tree-like structure.
Theorem 10 (Ergemlidze et al. [4] ). Let k ≥ 4, If k = r + 1 then ex r (n, BC ≥k ) ≤ n − 1. The equality holds iff (k − 2)|(n − 1) and the only extremal r-graph is union of n−1 k−2 copies of complete k − 1-vertex r-graphs sharing a vertex in a tree-like structure.
If k = r + 2 then ex r (n, BC ≥k ) ≤ (n−1)(r+1) r . The equality holds iff r|(n − 1) and the only extremal r-graph is union of n−1 r copies of r + 1-vertex, k − 1-hyperedge, r-graphs sharing a vertex in a tree-like structure.
Those results were followed by Kostocka, Luo [13] , for r ≥ k + 1, which left out only one mysterious case k = r.
Theorem 11 (Kostocka, Luo [13] ). Let r ≥ k + 1 ≥ 5, then
The equality holds iff r|(n − 1) and the only extremal r-graph is union of n−1 r copies of r + 1vertex, k − 1-hyperedge, r-graphs sharing a vertex in a tree-like structure.
The missing case k = r, together with r ≥ k + 1 was settled by authors of this paper together with N. Lemons, [10] .
Theorem 12 (Győri, Lemons, Salia, Zamora [10] ). Let r > 2, then ex r (n, BC ≥r ) = max n − 1 r (r − 1), n − r + 1
When n − r + 1 > n−1 r (r − 1) the only extremal graph is S (r) n . When n−1 r (r − 1) > n − r + 1 and r|(n − 1) the only extremal graphs are the (r + 1, k − 1)-block trees. (see definition on the page 3,
The first attempt, to determine the Turán number, for connected r-graphs without a Berge-path of length k was published in 2018, [11] . They have determined asymptotic of the extremal function.
Theorem 13 (Győri, Methuku, Salia, Tompkins, Vizer [11] ). Let H n,k be a largest r-uniform connected n-vertex hypergraph with no Berge-path of length k, then
In the recent work of Füredi, Kostochka and Luo, [8] , investigates 2-connected hypergraphs and obtain number of interesting results. Before stating that we need to define the following two functions, f (n, k, r, a) := k − a min{r, ⌊ k−a 2 ⌋} + (n − k + a) a min{r − 1, ⌊a/2⌋} and f * (n, k, r, a) := k − a r + (n − k + a) a r − 1 .
If k is odd.
If k is even. Figure 1 : Graphs H n,k
Theorem 14 (Füredi, Kostochka, Luo, [8] ). Let n ≥ k ≥ r ≥ 3. If H is an n-vertex Sperner 2-connected, ≤ r-graph with no Berge cycle of length at least k, then e(H) ≤ max{f (n, k, r, ⌊(k − 1)/2⌋), f (n, k, r, 2)}.
Theorem 15 (Füredi, Kostochka, Luo, [8] ). Let n ≥ n k,r ≥ k ≥ 4r ≥ 12. If H is an n-vertex 2-connected r-graph with no Berge cycle of length k or longer, then
Theorem 16 (Füredi, Kostochka, Luo, [8] ). Let n ≥ k ≥ r ≥ 3. If H is an n-vertex Sperner connected ≤ r-graph with no Berge-path of length k, then
Theorem 17 (Füredi, Kostochka, Luo, [8] ). Let n ≥ n ′ k,r ≥ k ≥ 4r ≥ 12. If H is an n-vertex connected r-graph with no Berge-path of length k, then e(H) ≤ f (n, k, r, ⌊(k − 1)/2⌋) = f * (n, k, r, ⌊(k − 1)/2⌋).
In the following chapter we prove Theorem 17 for k ≥ 2r + 13 as well as we prove that there is the only hypergraph with extremal number of hyperedges.
2 Proof of uniqueness of extremal, connected, r-graph, without a long Berge-path.
Let us start this chapter by defining H n,k , the extremal hypergraph for the following theorem. There are two similar n vertex, r-graph without a Berge-path of length k, depending on the parity of k. If k-is odd, the vertex set is partitioned into two sets A and B, |A| = k−1 2 and |B| = n − |A|, the hyperedges are all r-sets containing at most one vertex from the set B the rest from the set A. If k-is even the vertex set is partitioned in two sets A and B, with sizes |A| = k−2 2 and |B| = n−|A|. Two distinct vertices are fixed in the set B, say b 1 and b 2 , the hyperedges are all r-sets containing at most one vertex from the set B or containing b 1 and b 2 and the rest from A, See Figure 2 .
Observe that in any Berge-path of H n,k taking any two consecutive defining vertices at least one out is from the set A or they are b 1 and b 2 , therefore the length of a longest Berge-path is at most k − 1 regardless parity of k. Remark 1. For existence of this construction, we need k−1 2 ≥ r − 1, therefore asking for k ≥ 2r + 13 is natural and asymptotically sharp.
Theorem 18. For all integers n, k, r, such that n > N k,r and k ≥ 2r + 13 ≥ 18, we have
and the extremal hypergraph is unique r-graph, H n,k .
Proof. The r-graph H n,k , is connected and contains no Berge-path of length k therefore, we have a desired lower-bound
r − 2 for the function ex conn r (n, BP k ). Therefore we need to prove the upper bound of ex conn r (n, BP k ) and prove that the only extremal r-graph is H n,k .
Let H be an r-graph on n vertices, without a Berge-path of length k, such that H has at
vertices, H ′ is obtain from H by removing vertices of degree less than k−1 2
r − 1 and all hyperedges incident to them one by one. Take P a longest Berge-path in H ′ , suppose U = {u 1 , u 2 , . . . , u l+1 } and F = {f 1 , f 2 , . . . , f l } are the sets of defining vertices and defining hyperedges respectively and in the given order.
Claim 19. The sizes of the vertex neighbourhood of u 1 and u l+1 in H ′ \ F are at least k−1
Where N G (u) denotes neighbourhood of a vertex u in the hypergraph G, in other words N G (u) is the set of vertices incident to the vertex u.
Proof of Claim 19. Let x 1 and x l+1 be the number of hyperedges from F incident with u 1 and u l+1 respectively. Assume without loss of generality that among every possible choice of P x 1 + x l+1 is minimum. If u 1 ∈ f i then the Berge-path
is also a longest Berge-path, with the same set of defining vertices and defining hyperedges, hence by the minimality of the sum x 1 + x l+1 , the number of hyperedges from F incident to u i is at least
If we consider all possible Berge-paths obtained from P by the way described above (including itself), then the number of pairs (u, f ), where u ∈ U , f ∈ F and u ∈ f , is at least x 2 1 , this number is upper bounded by |U | |F| ≤ l · r, hence we have x 2 1 ≤ l · r ≤ (k − 1)r, therefore x 1 ≤ (k − 1)r, the same holds for the other terminal vertex x l+1 . We have that the degree of u 1 is at least
out of which at most (k − 1)r of the hyperedges are defining hyperedges, hence the degree of 
We got e(H) < e(H n,k ) a contradiction, therefore H ′ is connected.
Claim 21. The hypergraph H ′ contains a Berge-cycle of length l or l + 1 (recall, l is the length of longest Berge-path in H ′ ).
Proof of Claim 21. We have If u l+1 ∈ S u 1 or u 1 ∈ S u l+1 then the following is a Berge-cycle of length l + 1, where the hyperedge h u 1 ∈ H ′ \ F is a hyperedge incident with u 1 and u l+1 , u 1 , f 1 , u 2 , . . . , u l , f l , u l+1 , h u 1 , u 1 . Therefore we may assume u l+1 / ∈ S u 1 and u 1 / ∈ S u l+1 . If S −− u 1 ∩ S u l+1 = ∅ then we a have Berge-cycle of length l. Since if we assume u i ∈ S −− u 1 ∩ S u l+1 , a hyperedge h u 1 ∈ H ′ \F is a hyperedge incident with u 1 and u i+2 and a hyperedge h u l+1 ∈ H ′ \F is a hyperedge incident with u l+1 and u i . Hyperedges h u 1 and h u l+1 are distinct since we have u 1 / ∈ S u l+1 . Then the following is a Berge-cycle of length l, u 1 , f 1 , u 2 , . . . ,
Similarly we may assume that
From here we split proof of this Claim in two depending on the parity of k. Case 1. k is odd. In this case we find a Berge-path of length l or l + 1 under the assumption that k is odd. Case 1.1. If k is odd and there exists a vertex u j such that u j / ∈ S u 1 and u j+1 ∈ S u 1 , then we have
. From the symmetry of the Berge-path we also have that {u l , u l−1 , . . . , }, which has length at least k+3 2 + k−1 2 − 1 = k and we are done, or H ′ is Berge-cycle free of length at least k+3 2 , and after applying Theorem 9, we get that e(H) is at most
Case 2. k is even. We have |S u 1 | ≥ k−2 2 , S u l+1 ≥ k−2 2 and S u 1 , S u l+1 ⊂ U . Without loss of generality let us assume that |S u 1 | + S u l+1 is maximal among all longest Berge-paths.
Assume there exists two distinct vertices u x and u y such that u
Therefore there are no two such vertices. To finish the proof of this case, we are going to consider all possibilities for the set S u 1 .
, . . . , u l }, from a similar argument as in Case 1.2 we will get a contradiction.
can be a terminal vertex of a longest Berge-path with the same defining vertex and defining hyperedge set. From the maximality of |S u 1 | + S u l+1 we have that N H ′ ({u 1 , u 
, . . . , u l+1 }, a similar argument as in Case 1.2 will lead us to a contradiction.
. . , l}, then every vertex v, such that v ∈ {u k 2 +1 , u k 2 +2 , . . . , u l−1 , u l } can be a terminal vertex of a longest Berge-path, with the form
, . . . , v. Since for all i, i ∈ { k+2 2 , . . . , l}, i = x + 1, we have a hyperedge h u l+1 incident with u l+1 and u i−1 , therefore the following is a longest Berge-path with desired property
and u x is a terminal vertex of a longest Berge-path,
. u x and u j are incident with h u j and u x and u j+1 are incident with h u j+1 . We have a longest Berge-path with u x+1 as a terminal vertex
where the vertex u x is in between u j and u j+1 in the following way, u j , h u j , u x , h u j+1 , u j+1 . Finally we have, all vertices {u k 2 +1 , . . . , u l , u l+1 } as a terminal vertex, from the maximality of |S u 1 |+ S u l+1 we get N H ′ ({u k 2 +1 , . . . , u l , u l+1 }) = {u k 2 , u k 2 +1 , . . . , u l+1 }, similar argument as in Case 1.2 will lead us to a contradiction. Case 2.2. If S u 1 = {u 2 , u 3 , . . . , u y }\u x then S u 1 = {u 2 , u 3 , . . . , u k+2
From the symmetry of a Berge-path we have a contradiction since this case is the same as Case 2.1. Case 2.3. S u 1 = {u 2 , u 3 , . . . , u x , u z+2 , u z+3 , . . . , u y }, S u l+1 = {u x , u x+1 , . . . , u z−1 , u y , u y+1 , . . . , u l } and l = k−1. In this case all vertices are terminal vertices of a longest Berge-path (will be explained in the next paragraph), hence their neighbourhood must be subset of U . We have a contradiction, since H ′ is connected and v(H ′ ) ≥ r(k − 1).
By a switching argument it is easy to see every vertex can be a terminal vertex for a longest Berge-path from U \ {u x , u y }. For the vertex u x , we have distinct non-defining hyperedges h u 1 incident with u 1 and u y and h u l+1 incident with u l+1 and u x+1 , the following is a longest Bergepath starting at u x . u x , f x−1 , u x−1 , . . . , u 1 , h u 1 , u y , f y−1 , u y−1 , . . . , u x+1 , h u l+1 ,f l ,u l ,...,fy,u y+1 .
Similarly for the vertex u y we have a longest Berge-path.
We have considered all possible S u 1 sets since there are no two two distinct vertices u x and u y such that u x / ∈ S u 1 , u y / ∈ S u 1 and u x+1 ∈ S u 1 , u y+1 ∈ S u 1 as stated in the beginning of these cases.
Claim 22. Hypergraph H ′ does not contain any Berge-cycle of length l + 1, hence H ′ is BC >l -free.
Proof of Claim 22. Assume by contradiction that we have a Berge-cycle of length l + 1, since H ′ is connected from Claim 20 and r(l + 1) ≤ v(H ′ ) there exists a vertex in H ′ not incident to any of defining hyperedges of this cycle. Therefore there exists a Berge-path from the vertex to Berge-Cycle of length l + 1. A contradiction, since there is a Berge-path of length l + 1, using all l + 1 defining vertices of cycle and at least one more vertex as defining vertices. So H ′ is BC >l -free. Proof of Claim 22. Let C l be a cycle of length l and let the vertices and hyperedges of the cycle C l be V (C l ) := {v 1 , v 2 , . . . , v l } and E(C l ) := {h 1 , h 2 , . . . , h l } respectively. Since v(H ′ ) ≥ r · (k − 1) and ∪ l i=1 h i < r · (k − 1) − 3, we have distinct vertices w 1 , w 2 and w 3 not incident with any hyperedge from E(C l ). We have
If in the hypergraph H ′ \ {h} we have a Berge-path from w 1 to V (C l ), then we have a Berge-path using all vertices of cycle C l and {w 1 , w ′ 1 }, hence length of it is at least l + 1, a contradiction. If in the hypergraph H ′ \ {h} we do not have a Berge-path from w 1 to V (C l ), then all hyperedges incident with w 1 except h are disjoint from V (C l ), hence we have a hyperedge h ′ = h incident with w 1 disjoint from V (C l ), so we have a Berge-path from h ′ to V (C l ), using all V (C l ) vertices, hence length is at least l + 1, a contradiction.
. The number of pairs
hence there exists at least k−1 2 vertices sharing at least two hyperedges with w 1 , let us denote this set by S w 1 . Similarly we have the set of vertices S w 2 , vertices which share at least two hyperedges with the vertex w 2 . Both sets S w 1 and S w 2 are subset of V (C l ) and have size at least k−1 2 . If v t ∈ S w 1 then v t+1 ∈ S w 1 (where the indices are taken modulo l), since we have no Berge-cycle of length l + 1. If v t ∈ S w 1 then v t+1 ∈ S w 2 since otherwise we have the Bergepath w 1 , h w 1 v t , h t−1 , v t−1 , . . . , h t+1 , v t+1 , h w 2 , w 2 of length l + 1, a contradiction (h w 1 and h w 2 are hyperedges incident with w 1 , v t and v t+1 , w 2 respectively). Hence we can assume, without loss of generality, that S :
Therefore for every vertex w i , i ∈ {1, 2, 3} we have, that w i is not incident with any hyperedge from E(C l ), even more from the minimum degree condition, the hyperedges incident with w i are all hyperedges containing w i and any r − 1 subset of S.
The rest of the proof of Claim 23 is split into the two parts, depending on the parity of k. Case 1. If k is odd, then l = k − 1 since k−1 2 ·2 ≤ l < k. Consider the cycle C l , we can exchanging a vertex v i , v i ∈ {v 2 , v 4 , . . . , v k−2 }, with a vertex w j and hyperedges h i , h i−1 with hyperedges incident with both vertices w j , v i−1 and both vertices w j , v i+1 . They exist since there exists every hyperedge containing w i and any r − 1 set from S and {v i−1 , v i+1 } ∈ S. Therefore there exists a Berge-cycle of length l not using a vertex v i and hyperedges {h i−1 , h i } as defining vertices/hyperedges, for each v i ∈ {v 2 , v 4 , . . . , v k−2 }.
For every hyperedge h, h ∈ E(H ′ ), we have that |h ∩ S| ≥ r − 1. Assume by contradiction this is not the case, and suppose {x 1 , x 2 } ⊂ h ∈ E(H ′ ) \ S, for some vertices x 1 , x 2 . We may assume that h ∈ E(H ′ ) \ E(C l ) and x 1 , x 2 / ∈ V (C l ) from the argument in the previous paragraph. If after removing h from H ′ , x 1 or x 2 is in the same connected component as C l then we have a contradiction, since we have a Berge-path longer than l, which contains all vertices of V (C l ), x 1 and x 2 (the hyperedge h will connect vertices x 1 with x 2 and from connectivity we can go to the cycle C l and around it). But if x 1 and x 2 are in the other connected component(s), then C l after removing hyperedge h, then we have a contradiction, since we have a Berge-path which uses all vertices from V (C l ), x 1 and some other vertex in it's connected component, hence a Berge-path longer than l. Therefore we have H ′ is sub hypergraph of H v(H ′ ),k , considering set S as the set A in the construction of H v(H ′ ),k . On the other hand we have e(H ′ ) ≥ e(H v(H ′ ),k ), hence H ′ = H v(H ′ ),k . Case 2. If k is even, then k−2 2 · 2 ≤ l < k, hence l = k − 1 or k − 2. If l = k − 2, the proof will be the same as before in the Case 1. We will get H ′ = H v(H ′ ),k−1 which leads us to a contradiction since e(H ′ ) ≥ e(H v(h ′ ),k ) > e(H v(h ′ ),k−1 ). Hence, we have that l = k − 1,
We hava that for every hyperedge h ∈ E(H ′ ), we have that either |h ∩ S| ≥ r−1 or |h ∩ S| = r−2 and h \ S = {v k−2 , v k−1 }. Assume by contradiction this is not the case, and suppose {x 1 ,
We may assume without loss of generality that
or v i is from S, without loss of generality assume v i+1 . We have a contradiction, since the Berge-path
If the hyperedge h is not a defining hyperedge and x 1 is a defining vertex of C l , assume x 1 = v i , where v i ∈ {v 2 , v 4 , . . . , v k−2 }, then there exists a Berge-cycle of length k − 1 not using a vertex v i . Simply we can exchanging v i with w 1 in the Berge-cycle C l and hyperedges h i , h i−1 with hyperedges incident with both vertices w j , v i−1 and both vertices w j , v i+1 . They exist since there exists every hyperedge containing w i and any r − 1 set from S and {v i−1 , v i+1 } ∈ S. Hence we may assume x 1 , x 2 / ∈ {v 1 , v 2 , . . . , v k−3 , w 3 }. If x 2 ∈ {v k−2 , v k−1 } then without loss of generality we may assume x 2 = v k−1 then we have a contradiction, since there is the Berge-path x 2 , h, v k−1 , h k−2 , v k−2 , . . . , h 1 , v 1 , h w 3 , w 3 of length k. Therefore from here we may assume both x 1 , x 2 are non defining vertices. If the hypergraph H ′ \ {h} is not connected, then there is a Bergepath of length at least k in H, going around the cycle C l , using all defining vertices of C l , then using the hyperedge h to connect to another connected component of H ′ \ {h} where there is at least one hyperedge with a vertex, a contradiction. Therefore H ′ \ {h} is connected. We have a contradiction, because there exists a Berge-path in H ′ \ {h}, using all defining vertices of cycle C l and x j , where j ∈ {1, 2}, and it extends to a Berge-path of length k in H ′ by hyperedge h and the vertex x 3−j . Finally, if h = h k−2 , and there is another hyperedge h ′ , {v k−2 , v k−1 } ∈ h ′ we could exchange h with h ′ and h will no longer be a defining hyperedge so the previous argument would lead us to a contradiction. If there is no other hyperedge h ′ , {v k−2 , v k−1 } ∈ h ′ then we have a contradiction e(H v(H ′ ),k−1 ) + 1 ≥ e(H ′ ) ≥ e(H v(h ′ ),k ) > e(H v(h ′ ),k−1 ) + 1
The first inequality holds because of the structure of H ′ , considering set S as the set A in the construction. The second inequality holds because of the definition of H ′ , and the third inequality holds from the definition of the hypergraphs H n,k . We have shown that for every hyperedge h, h ∈ E(H ′ ), we have |h ∩ S| ≥ r − 1 or |h ∩ S| ≥ r − 2 and h \ S = {v k−2 , v k−1 }. Hence we have H ′ ⊂ H v(H ′ ),k , but as e(H ′ ) ≥ e(H v(H ′ ),k ), so
